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RWE



Wave Propagation in Continuum Media

vVvyVvyy

RWE



Wave Propagation in Continuum Media

» Hook's law
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Wave Propagation in Continuum Media

» Hook's law

o = § Cijkl €k
PHl

where
oj : is the strain tensor,
Cii+ s the stiffnes tensor,
€k : is the stress tensor.
| 2
| 2
>
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Wave Propagation in Continuum Media

Hook's law

Cauchy's equations of motion
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Wave Propagation in Continuum Media

v

Hook's law

v

Cauchy’s equations of motion
From the balance of momentum one gets

020 0
P(X)ﬁ = ; 8_XJ-UU
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Wave Propagation in Continuum Media

» Hook's law

» Cauchy’s equations of motion
From the balance of momentum one gets

. 8%0; 1o}
p(X) e = ; a—XjO','J'

For an Isotropic media
oij = Ajj Z €kk + 2u€j
k
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Wave Propagation in Continuum Media

» Hook's law

» Cauchy’s equations of motion
From the balance of momentum one gets

. 8%0; 1o}
p(X) e = ; a—XjO','J'

then
8%

@:(A+u)[v(v-ﬁ)l+uv2ﬁ

p(X)
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Wave Propagation in Continuum Media

» Hook's law

» Cauchy’s equations of motion
From the balance of momentum one gets

_. 0% 1o}
PX) 50 :;87]%'

In general curvilinear coordinates
Vi =v(v- 1)~ v x (v x 0)

and defining
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Wave Propagation in Continuum Media

» Hook's law

» Cauchy's equations of motion
From the balance of momentum one gets

NG )
p(x) o2 :;67)9'0’0’
we get
L 0%
p(X VI =A+20) Ve —pv xy
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Wave Propagation in Continuum Media

Hook's law
Cauchy's equations of motion

Wave equation for P-waves in homogeneous and isotropic media
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Wave Propagation in Continuum Media

» Hook's law
» Cauchy’s equations of motion
» Wave equation for P-waves in homogeneous and isotropic media
1 6?
2 P
Vo= —>-5=

2 52
v5 Ot

where
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Wave Propagation in Continuum Media

Hook's law
Cauchy's equations of motion

Wave equation for P-waves in homogeneous and isotropic media
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Wave equation for S-waves in homogeneous and isotropic media

where

RWE



On Wave equation

RWE



On Wave equation

Consider the IVP
25 1 0%
v v2 Ot2
i(x,0)
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On Wave equation

> In one dimension (1-D)
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On Wave equation

> In one dimension (1-D)
u(x, t) = % (x + vt) +y(x — vt) + i /X )j:n(s)ds}
where
Y(x) = f(x)+ex)
n(x) = v[f'(x)+g'(x)]

for some f, g € C?(Q)
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On Wave equation

> In one dimension (1-D)

> In two dimensions (2-D)
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On Wave equation

> In one dimension (1-D)

> In two dimensions (2-D)

Loy d |4n? 1(s1, %)
o= df[ v //o<> N R CED I CEr A

4r? n(s1,52)
+ v //D(;’,,t) \/(vt)2 (51— )2 + (3 — )] ds; dsy
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> Phase-shift (J.Gazdag)
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OWWE. Extrapolation methods

> Phase-shift (J.Gazdag)

ke, zj,w) = W(kmzj—lvw)eikZAz
ok, z,0) = Flp(x,z,0)]
p(kx,z0,w) = Data
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> Phase-shift (J.Gazdag)
> Split-Step Fourier Migration (P.L. Stoffa)

RWE



OWWE. Extrapolation methods

> Phase-shift (J.Gazdag)
» Split-Step Fourier Migration (P.L. Stoffa)

; 2
2 = U5
Fo+w?s? = 0
s(fz) = so(2)+ o s(72)
Vo + B2 = —S(F.zw)
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OWWE. Extrapolation methods

> Phase-shift (J.Gazdag)
» Split-Step Fourier Migration (P.L. Stoffa)

82
972 P(kr,z,w) + Kzz0 P(kr,z,w)

P_(7,zpty1,w) =

RWE

—S(k,,z,w)
PI(Fy Zn, & z7w)

i Zn+1 , ,
lw/ A sP(7, 2, dpy1, w)dz
Zn



OWWE. Extrapolation methods

> Phase-shift (J.Gazdag)
> Split-Step Fourier Migration (P.L. Stoffa)
» High Order Generalized Screen Propagator (C. Sheng, MA.Zai)
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OWWE. Extrapolation methods

> Phase-shift (J.Gazdag)
> Split-Step Fourier Migration (P.L. Stoffa)
»> High Order Generalized Screen Propagator (C. Sheng, MA.Zai)

%HWW} [%—vm plzw) =0

o2 w?
A(x, = 4+ =
R R T
1
Com) =
()

with the extrapolators

ky = /w2s2— k2
kyy = w2s? — k2
we get
2
w
kz = kzyy |1 — k—z(sg — s2)
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OWWE. Extrapolation methods

> Phase-shift (J.Gazdag)
> Split-Step Fourier Migration (P.L. Stoffa)
» High Order Generalized Screen Propagator (C. Sheng, MA.Zai)

> 1 w2s? s2—s2\1"
_ n(2
o=kt 30 C) [(2) (357))
n=1 X
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OWWE. Extrapolation methods

> Phase-shift (J.Gazdag)
» Split-Step Fourier Migration (P.L. Stoffa)
»> High Order Generalized Screen Propagator (C. Sheng, MA.Zai)

iy 07 ik D7 o n % ‘*’253 55_52
X, z+ A zZ,w = X,Z,w)e e’ -1 ( )
w( ) = dlzw) Se(; szsg_kg)( = )

oo 1 2.2 2 2
_ ikzy bz (2 w5 So—S
ozt hzw) = vlxzu)e {1+§n1)( () |(m2) (327)
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OWWE. Extrapolation methods

Phase-shift (J.Gazdag)
Split-Step Fourier Migration (P.L. Stoffa)
High Order Generalized Screen Propagator (C. Sheng, MA.Zai)
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Phase-shift (J.Gazdag)
Split-Step Fourier Migration (P.L. Stoffa)
High Order Generalized Screen Propagator (C. Sheng, MA.Zai)

Imaging Seismic Reflections Ph.D Thesis (Timotheus Op 't Root)

Assume that for )
1 o%u
2=
- —————5=f t
V= ) o8 (x,2,t)
the operator
02 1 0
A ) 7t = 3 5 5/ N A
(x.2,t) Ox?2  v¥(x,z) ot?

. 1 _1 .
is such that A2, and A2 exist.



OWWE. Extrapolation methods

vvyyy
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Phase-shift (J.Gazdag)
Split-Step Fourier Migration (P.L. Stoffa)
High Order Generalized Screen Propagator (C. Sheng, MA.Zai)

Imaging Seismic Reflections Ph.D Thesis (Timotheus Op 't Root)
The vectorial operator
0 1
=% |

[Al =V~ 1By

is diagonalizable



OWWE. Extrapolation methods

Phase-shift (J.Gazdag)
Split-Step Fourier Migration (P.L. Stoffa)
High Order Generalized Screen Propagator (C. Sheng, MA.Zai)

Imaging Seismic Reflections Ph.D Thesis (Timotheus Op 't Root)
considering the transformation

vvyyvyy

we get the system
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OWWE. Extrapolation methods
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Phase-shift (J.Gazdag)
Split-Step Fourier Migration (P.L. Stoffa)
High Order Generalized Screen Propagator (C. Sheng, MA.Zai)

Imaging Seismic Reflections Ph.D Thesis (Timotheus Op 't Root)
and for depth invariant media

% [ AL+ LA RF
- A
B2 —ivVAu — AT f




OWWE. Extrapolation methods

vyVvyVvyVvyy

RWE

Phase-shift (J.Gazdag)

Split-Step Fourier Migration (P.L. Stoffa)

High Order Generalized Screen Propagator (C. Sheng, MA.Zai)
Imaging Seismic Reflections Ph.D Thesis (Timotheus Op 't Root)
Full-Wave-Equation depth extrapolation (K.Sandberg, G.Beylkin)



OWWE. Extrapolation methods
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Phase-shift (J.Gazdag)

Split-Step Fourier Migration (P.L. Stoffa)

High Order Generalized Screen Propagator (C. Sheng, MA.Zai)
Imaging Seismic Reflections Ph.D Thesis (Timotheus Op 't Root)

Full-Wave-Equation depth extrapolation (K.Sandberg, G.Beylkin)
For the self-adjoint operator

5 2
c:—( m") — D — Dy,
v(x, z)

Construct the spectral family (spectral projectors)

Po= > AP

(k:A(<0)

PLP = > AP
(k:\,c<0)



OWWE. Extrapolation methods
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Phase-shift (J.Gazdag)

Split-Step Fourier Migration (P.L. Stoffa)

High Order Generalized Screen Propagator (C. Sheng, MA.Zai)
Imaging Seismic Reflections Ph.D Thesis (Timotheus Op 't Root)

Full-Wave-Equation depth extrapolation (K.Sandberg, G.Beylkin)
reformulate the problem as

ﬁzz = ,P‘C,Pi\)
ﬁ(sznvw) = q(X7vaw)
Pz(x,zn,w) = qz(x,zn,w)
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» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
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Riemannian wavefield extrapolation, steep topography, finite difference approach

> Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
wave equation for an acoustic wavefield

Consider the monochromatic

véu = —UJZSEU, where
5 1 9 ( ou
veu = ————(Vlslg' -
¢ Vgl %; 9%
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Riemannian wavefield extrapolation, steep topography, finite difference approach

> Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
This equation can be written as

ou . 92U
W= 4+ mi —/ gw252L{
9 06,06 gt

where ) .
', mY depend on the metric.
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Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
Fourier transforming &, <> k.

(m"jk&, — inj)kgj =/ |g|w25§,
Solving for kg, leads to
ke

, = —arke, —anke, +iast[afw? — Bk —agkZ, —arke, ke, +iagke, +iaoke, —a%y]'/?

and then extrapolate
U(Es+ b &, ke kgyyw) = U(Es, key, ey, w)e™ 63553

Some extrapolators
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Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
2D nonorthogonal coordinate system.

ke, = —arke, + ias & [ajw® — aZkZ, + iagke, — alo]'/?
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Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
2D orthogonal coordinate system.

ke, = ias & [ajw? — aZkZ, + iagke, — afo]"/?
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Riemannian wavefield extrapolation, steep topography, finite difference approach

> Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
3D semiorthogonal coordinate system.

ke, = a3+ [ajw? — a2kZ — aZkE, — arke, ke, + iagke, + iagke, — a%y]'/?
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Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)

> Steep Topography (J.Shragge, P.Sava)
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Riemannian wavefield extrapolation, steep topography, finite difference approach

> Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)

> Steep Topography (J.Shragge, P.Sava)

Let
U ;= Unit circle
UHP := Upper half plane
R := A rectangle

RWE



Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
> Steep Topography (J.Shragge, P.Sava)

f : U— UHP
z—1i
f =
(2) z41i
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Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)

> Steep Topography (J.Shragge, P.Sava)

g : UHP—>R

W = [T
& T o VI-V/1- k2
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Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
> Steep Topography (J.Shragge, P.Sava)
> Finite difference approach (J. Shragge)
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Riemannian wavefield extrapolation, steep topography, finite difference approach

» Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)
> Steep Topography (J.Shragge, P.Sava)

> Finite difference approach (J. Shragge)
Consider the acoustic wave equation

1 02U
2
_ - _— F

€ vg ot? ¢
;ou o oU 1 0°U
i ij — el F,
‘o5 "€ g0y ~ ioe
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Riemannian wavefield extrapolation, steep topography, finite difference approach

> Riemannian wavefield extrapolation (P.Sava, S.Fomel, J.Shragge)

> Steep Topography (J.Shragge, P.Sava)

> Finite difference approach (J. Shragge)

s ou

¢ 731
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¢ 6
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¢ a&;

11 02U
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Objectives

> Disefar sistemas coordenados Riemannianos que transformen conforme con el
campo extrapolado, el modelo de velocidad o la geometria adquirida.

vyVVvyVvYyYVvyy
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Objectives

>
» Generalizar los operadores de extrapolacién de orden superior, tales como
GPSPI, NSPS, GPS, FFD, diferencias finitas; a espacios Riemannianos.
VEZ/I = —wzsg(g)u
>
| 4
>
| 2
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Objectives

» Proponer nuevos operadores, derivados de la teoria de operadores
pseudodiferenciales y operadores integrales de Fourier, los cuales permitan
extrapolar, en un sentido analitico, el campo de onda en medios con variaciones
laterales de la velocidad, en espacios Riemannianos.

v
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Objectives

» Disefar algoritmos de migracién PSPI, SSF multicoeficiente, para el campo
extrapolado.
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Objectives

» Determinar descomposiciones de las soluciones a la ecuacién

&%u'

T ATV ik 4 pg® v vl + pg®vivid

para medios con anisotropia.
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Objectives

> Determinar relaciones funcionales entre el tensor de esfuerzos oj; y el tensor
métrico g;; derivadas de la ecuacién de movimiento de Cauchy

v2(€) o [ ..azq 1 b
— |Vlglg | p ==fi ==0j
{ lg] 9¢; el 0%; P ;3&' g

i
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Some results

» Rapid Expansion Method
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Some results

» Rapid Expansion Method

RWE

Consider the equation

U(x,t)
ot?
U(x,0)

ou
ot

for which the solution can be written

as

—L2[U(x, 1)]
Uo
Uo



Some results

» Rapid Expansion Method

U(x,t+ A t) = 2U(x, t)Cos[L A t] — U(x,t— A t)
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Some results

» Rapid Expansion Method
The cosine function can be expanded in a Taylor series

_LP(a ) N L'(at)*

cos[Lat]=1
21 4l
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Some results

» Rapid Expansion Method
or

cos[L A t]

where

Qo(w)
Q2(w)
Qi12(w)

RWE

- iL
D Cordai(8 tR) Qux (Iﬁ)

k=0
Constants

Bessel polynomials

o () + ()

Chebyshev polynomials

1
1+2w?
2(1 4 2w?) Qu(w) — Qr—_2(w)



Some results

» Rapid Expansion Method
» Sheared 2D Cartesian System
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Some results

» Rapid Expansion Method
» Sheared 2D Cartesian System

[2]=[8 =@ [&]
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Some results

» Rapid Expansion Method
» Sheared 2D Cartesian System

|1 cos(0)
i = cos(0) 1
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» Rapid Expansion Method
» Sheared 2D Cartesian System

a) Distance (m)
0 800 1600 2400 3200
0+ s ¥ H

Depth (m)
Depth (m)
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Some results

» Rapid Expansion Method
» Sheared 2D Cartesian System
» Polar Ellipsoidal Coordinates
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Some results

» Rapid Expansion Method
» Sheared 2D Cartesian System
» Polar Ellipsoidal Coordinates

[ X1 } _ [ a(&3)€1cos(£3)
x3 a(&3)€1sen(€3)
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Some results

» Rapid Expansion Method
Sheared 2D Cartesian System

v

» Polar Ellipsoidal Coordinates

o a? &1ab
B~ | qab g2 +17)
where
a = a(&)
2
0&3
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Some results

» Rapid Expansion Method
» Sheared 2D Cartesian System
» Polar Ellipsoidal Coordinates

a) Distance (m)
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